Testing gravity of a regular and slowly rotating phantom black hole by
  quasi-periodic oscillations by Chen, Songbai et al.
ar
X
iv
:1
60
4.
07
10
6v
2 
 [g
r-q
c] 
 19
 A
ug
 20
16
Testing gravity of a regular and slowly rotating phantom black hole by
quasi-periodic oscillations
Songbai Chen1∗, Mei Wang, Jiliang Jing1 †
Institute of Physics and Department of Physics, Hunan Normal University,
Changsha, Hunan 410081, People’s Republic of China
Key Laboratory of Low Dimensional Quantum Structures
and Quantum Control of Ministry of Education, Hunan Normal University,
Changsha, Hunan 410081, People’s Republic of China
Synergetic Innovation Center for Quantum Effects and Applications,
Hunan Normal University, Changsha, Hunan 410081, People’s Republic of China
Abstract
We extend firstly the regular phantom black hole solution to a slowly rotating black hole case and
find that the phantom field depresses the angular velocity of the event horizon and suppresses the
super-radiation of black hole. We also probe the dependence of quasi-periodic oscillations frequencies
in relativistic precession model on the phantom parameter. With the observation data of GRO
J1655-40, we make a constraint on the parameters of the regular and slowly rotating phantom black
hole. Our results show that although the best-fit value of the phantom parameter b is small, the
allowed value of b in the 1σ region is b < 0.619, which means that the phantom theoretical model
can not be excluded by the constraint from quasi-periodic oscillations with the observation data of
GRO J1655-40.
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2I. INTRODUCTION
Phantom dark energy is a special kind of theoretical models with the negative kinetic energy[1], which has
been investigated extensively in cosmology because it can provide a mechanism to interpret the accelerating
expansion of the current Universe [2–12]. Due to its negative kinetic energy, the phantom dark energy owns
the super negative equation of state w < −1, which leads to that the null energy condition is violated for
phantom field. The Universe dominated by phantom dark energy will blow up incessantly and arrive at a
future singularity named big rip at where anything in the universe including the large galaxies will be torn
up. Although the phantom dark energy owns such exotic properties, it is still supported by recent precise
observational data [13, 14]. However, all of these observational examinations and constraints on phantom dark
energy are taken in the scope of Cosmology.
In black hole physics, the behaviors and properties of phantom field have been studied in last few years. E.
Babichev [15] found that after absorbing phantom field, the mass of black hole decreases, which implies that
the cosmic censorship conjecture could be challenged severely since the charge of a Reissner-Nordstro¨m-like
black hole could be larger than its mass as it accretes the phantom energy. We studied dynamical evolution
of the phantom scalar perturbation in the Schwarzschild black hole spacetime and found that the phantom
scalar perturbation grows with an exponential rate in the late-time evolution, which differs from the decay
of the usual scalar perturbations in the background of a black hole [16–18]. Moreover, some black hole
solutions describing gravity coupled to phantom scalar fields or phantom Maxwell fields have been found and
the corresponding geometric structure and thermodynamic properties are also studied in [19–28]. The strong
gravitational lensing of such kind of black hole with phantom hair has been investigated in [29–33]. These
investigations discloses some effects of phantom field on the black hole physics. However, the observation
examinations and constraints on phantom dark energy from black hole physics are still lacking.
Quasi-periodic oscillations is one of very promising tools to test theories of gravity in the strong field regime
and to constrain black hole parameters. The investigations show that quasi-periodic oscillations are a common
feature in the X-ray power density spectrum of black hole binaries [34, 35]. According to the types and the
properties of quasi-periodic oscillations, their low frequencies are distributed in the range 0.1 ∼ 30 Hz and
high-frequencies are in the range 100 ∼ 500 Hz. The relativistic precession model is proposed as an exact
mechanism to explain twin high-frequency quasi-periodic oscillations as well as a low-frequency mode in low-
mass X-ray binaries [36–43]. In this precession model, the twin higher frequencies are identified respectively
3with the azimuthal frequency νφ and the periastron precession frequency νper of a test-particle moving in
quasi-circular orbits at the innermost disk region in the background spacetime. The low-frequency mode in
quasi-periodic oscillations is regarded as the nodal precession frequency νnod, which is emitted at the same
radius where the twin higher frequencies signals are generated. The possibility of applying quasi-periodic
oscillations to constrain the black hole parameters in various theories of gravity has been already investigated
in [44–51].
The main purpose of this paper is to make a constraint on the parameters of a regular and slowly rotating
phantom black hole by using of quasi-periodic oscillations in relativistic precession model and the observation
data of GRO J1655-40. Meanwhile, we want to see whether phantom theoretical model can pass an observation
test from black hole physics.
The paper is organized as follows: in the following section we will extend the regular phantom black hole
solution [23] to the slowly rotating black hole case and then study the effect of the phantom parameter on
the angular velocity at the event horizon. In Sec.III, we make a constraint on the parameters of a regular and
slowly rotating phantom black hole by using of quasi-periodic oscillations and the observation data of GRO
J1655-40. Finally, we end the paper with a summary.
II. A REGULAR AND SLOWLY ROTATING PHANTOM BLACK HOLE
In this section, we will extend the regular phantom black hole solution to the slowly rotating black hole
case. Let us first introduce briefly the regular and static phantom black hole obtained in literature [23]. The
action for phantom scalar field Φ in the curve spacetime is
S =
∫ √−gd4x[R − 1
2
gµν∂µΦ∂νΦ + V (Φ)]. (1)
After solving the equation of motion of phantom scalar field and Einstein field equation, Bronnikov et al [23]
obtained a regular and static phantom black hole described by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + (r2 + b2)(dθ2 + r2 sin2 θdφ2), (2)
with
f(r) = 1− 3M
b
[
(
pi
2
− arctan r
b
)(1 +
r2
b2
)− r
b
]
, (3)
Φ ≡
√
2ψ =
√
2 arctan
r
b
, (4)
V =
3M
b3
[
(
pi
2
− ψ)(3 − 2 cos2 ψ)− 3 sinψ cosψ
]
. (5)
4Here M is the mass of black hole and b is a positive constant related to the charge of phantom scalar field.
When b tends to zero, the phantom scalar field Φ becomes a constant and the corresponding potential V
approaches to zero, which means the action reduces to the usual action without material field and then the
black hole solution (2) recovers the known Schwarzschild black hole one. For the phantom black hole spacetime
with non-zero value of b, it is regular and has no singularity because the curvature scalar
RµνρτR
µνρτ =
1
b6(r2 + b2)4
{
108M2(r2 + b2)2(2r4 + 2b2r2 + b4)
(
pi
2
− arctan r
b
)2
−24bM(r2 + b2)
(
pi
2
− arctan r
b
)[
b4(r2 + 2b2) + 3Mr(6r4 + 10b2r2 + 5b4)
]
+36b2M2r2(6r4 + 14b2r2 + 11b4) + 12b6(2Mr3 + 8b2Mr + b4)
}
, (6)
is neither divergent nor zero at anywhere. Near the region b ∼ 0, one can find
RµνρτR
µνρτ =
48M2
r6
+
32(r − 6M)b2
r8
+O(b4), (7)
which means that as the phantom charge b disappears RµνρτR
µνρτ of the regular phantom black hole spacetime
can reduce to that of Schwarzschild black hole one.
We are now in position to obtain a phantom rotating black hole solution. For the electro-vacuum case, one
can obtain a rotating black hole solution from a static black hole one by the Newman-Janis algorithm [52]. For
example, one can obtain Kerr black hole solution from Schwarzschild one by this technique. However, for the
cases with scalar field, one must improve the usual Newman-Janis algorithm so that the rotating counterpart
obeys to Einstein equation with scalar field. In general, it is difficult how to improve the Newman-Janis
technique for the non-electro-vacuum cases. Therefore, we here focus on obtaining a regular slowly rotating
phantom black hole solution originated from the static and spherical symmetric solution (2) by solving Einstein
equation of the gravity system (1).
The metric of a regular slowly rotating phantom black hole can be assumed as
ds2 = −U(r)dt2 + 1
U(r)
dr2 − 2F (r, θ)adtdφ+ (r2 + b2)(dθ2 + sin2 θdφ2), (8)
where a is the rotation parameter associated with its angular momentum. In the case of a slowly rotating
spacetime (8), we can suppose both of the phantom scalar field Φ and the metric function U(r) depend only on
the radial coordinate r. And then the equation of the phantom scalar field in spacetime (8) can be expressed
as
1
r2 + b2
d
dr
[
(r2 + b2)U(r)Φ′
]
− dV (Φ)
dΦ
= 0, (9)
5which is similar to that in the static and spherical symmetric spacetime (2) because the phantom scalar field
Φ is supposed to only a function of r and all of the higher order terms O(a2) are neglected.
Inserting the metric (8) into the Einstein’s field equation, we find that the non-vanishing components of
field equation can be expanded to first order in the angular momentum parameter a as
tt :
U(r)
(r2 + b2)2
[
U ′(r)r(r2 + b2) + U(r)(r2 + 2b2)− (r2 + b2)
]
=
1
2
[U(r)Φ′2 − 2V ] +O(a2), (10)
rr :
1
U(r)(r2 + b2)2
[
U ′(r)r(r2 + b2) + U(r)r2 − (r2 + b2)
]
= − 1
2U(r)
[U(r)Φ′2 + 2V ] +O(a2), (11)
θθ :
1
2(r2 + b2)
[
U ′′(r)(r2 + b2)2 + 2U ′(r)r(r2 + b2) + 2U(r)b2
]
=
1
2
(r2 + b2)[U(r)Φ′2 − 2V ] +O(a2), (12)
φφ :
sin2 θ
2(r2 + b2)
[
U ′′(r)(r2 + b2)2 + 2U ′(r)r(r2 + b2) + 2U(r)b2
]
=
sin2 θ
2
(r2 + b2)[U(r)Φ′2 − 2V ] +O(a2),
tφ :
1
2(r2 + b2)2
{
(r2 + b2)2U(r)
∂2F (r, θ)
∂r2
− F (r, θ)
[
(r2 + b2)2U ′′(r) + 2rU ′(r)(r2 + b2) + 2U(r)(r2 + 2b2)
]
+(r2 + b2)
[
2F (r, θ) +
∂2F (r, θ)
∂θ2
− ∂F (r, θ)
∂θ
cot θ
]}
+
F (r, θ)
2
[U(r)Φ′2 − 2V ] = 0 +O(a2). (13)
Solving the Einstein equations (10)-(12), one can obtain the metric function
U(r) = f(r) = 1− 3M
b
[
(
pi
2
− arctan r
b
)(1 +
r2
b2
)− r
b
]
. (14)
Separating F (r, θ) = h(r)Θ(θ), we find that the angular part Θ(θ) satisfies
d2Θ(θ)
dθ2
− dΘ(θ)
dθ
cot θ + λΘ(θ) = 0, (15)
and the radial part h(r) in Eq.(13) obeys to
(r2 + b2)U(r)
d2h(r)
dr2
− 2h(r)
[
U(r)− 1 + λ
2
]
= 0, (16)
where λ is a separation constant. In order that the coefficient gtφ can be reduced to that in the usual slowly
rotating black hole without phantom field, here we set λ = 2 and then find that Θ(θ) = sin2 θ in this case.
This yields that the radial part of equation (16) can be simplified as
(r2 + b2)
d2h(r)
dr2
− 2h(r) = 0, (17)
which leads to
h(r) =
3M
b
[
(
pi
2
− arctan r
b
)(1 +
r2
b2
)− r
b
]
. (18)
Like in a usual slowly rotating black hole, the event horizon of black hole (8) is given by f(r) = 0, which is
the same as that in the static and spherical symmetric case (2) since we here expand the metric only to first
6order in the angular momentum parameter a. When the parameter b → 0, one can find that h(r) → 2M
r
,
which recovers that of a usual slowly rotating black hole without phantom scalar field. The angular velocity
of the horizon ΩH is an important quantity for a rotating black hole, which affects the region at where the
super-radiance occurs in the black hole background. In the spacetime of a regular and slowly rotating phantom
black hole (8), the angular velocity ΩH has a form
ΩH = − gtφ
gφφ
∣∣∣∣
r=rH
=
a
r2H + b
2
, (19)
which depends on the phantom charge b. We plot the change of the angular velocity ΩH with the parameter
FIG. 1: The change of the angular velocity ΩH with the parameter b in a regular and slowly rotating phantom black
hole spacetime.
b in Fig.(1), which tells us that ΩH decreases monotonically with the phantom charge b and then the super-
radiation is suppressed by phantom field in this case.
III. CONSTRAINT ON PARAMETERS OF A REGULAR AND SLOWLY ROTATING
PHANTOM BLACK HOLE BY QUASI-PERIODIC OSCILLATIONS
In this section, we will make a constraint on parameters of above regular and slowly rotating phantom black
hole by quasi-periodic oscillations. In the general stationary and axially symmetric spacetime
ds2 = gttdt
2 + grrdr
2 + 2gtφdtdφ + gθθdθ
2 + gφφdφ
2, (20)
one can find that for the geodesic motion of particle there exist the conserved specific energy at infinity E
and the conserved z-component of the specific angular momentum at infinity Lz since the metric coefficients
7are independent of the coordinates t and φ. And then the timelike geodesics can be expressed as
t˙ =
Egφφ + Lzgtφ
g2tφ − gttgφφ
, (21)
φ˙ = −Egtφ + Lzgtt
g2tφ − gttgφφ
, (22)
grrr˙
2 + gθθθ˙
2 = Veff (r, θ;E,Lz), (23)
with the effective potential
Veff (r) =
E2gφφ + 2ELzgtφ + L
2
zgtt
g2tφ − gttgφφ
− 1, (24)
where the overhead dot represents a derivative with respect to the affine parameter. For a circular orbit in
the equatorial plane θ = pi/2, we have
Veff (r) = 0,
dVeff (r)
dr
= 0. (25)
Solving above equations, one can obtain
E = − gtt + gtφΩφ√
−gtt − 2gtφΩφ − gφφΩ2φ
,
Lz =
gtφ + gφφΩφ√
gtt + 2gtφΩφ − gφφΩ2φ
,
Ωφ =
dφ
dt
=
−gtφ,r +
√
(gtφ,r)2 + gtt,rgφφ,r
gφφ,r
, (26)
where Ωφ = 2piνφ is the angular velocity of particle moving in the circular orbits and νφ is its corresponding
azimuthal frequency. Considering a small perturbation of a circular, equatorial orbit, i.e.,
r(t) = r0 + δr(t), θ(t) =
pi
2
+ δθ(t), (27)
one can find that the perturbations δr(t) and δθ(t) are governed by the following differential equations
d2δr(t)
dt2
+Ω2rδr(t) = 0,
d2δθ(t)
dt2
+Ω2θ δθ(t) = 0, (28)
with
Ω2r = −
1
2grrt˙2
∂2Veff
∂r2
, Ω2θ = −
1
2gθθt˙2
∂2Veff
∂θ2
, (29)
and
t˙ =
1√
−gtt − 2gtφΩφ − gφφΩ2φ
. (30)
8The radial epicyclic frequency νr and the vertical epicyclic frequency νθ can be written as νr = Ωr/2pi and
νθ = Ωθ/2pi, respectively. Finally, the periastron and nodal precession frequencies can be expressed as
νper = νφ − νr, νnod = νφ − νθ. (31)
In Fig.(2), we plot the dependence of the frequencies νφ, νper and νnod on the parameter b in a regular and
FIG. 2: The change of the frequencies νφ, νper and νnod with the parameter b in a regular and slowly rotating phantom
black hole spacetime. Here we set M = 1 and r = 6.
slowly rotating phantom black hole spacetime. With the increase of the phantom charge b, the azimuthal
frequency νφ decreases and the periastron precession frequency νper increases. For the non-zero a case, the
nodal precession frequency νnod also decreases with the parameter b. However, for the non-rotation case, the
nodal precession frequency νnod becomes zero and is independent of the phantom parameter b, which means
that the vertical epicyclic frequency νθ is identical to the azimuthal frequency νφ for the spacetime (8) with
a = 0.
If three quasi-periodic oscillations frequencies are observed simultaneously, one can associate them to orbital
and precession frequencies in the relativistic precession model. For the usual Kerr black hole spacetime, one
can solve the corresponding three equations and determine the three variables (r, M , and a). However, for
the regular and slowly rotating phantom black hole, there are extra parameter b related to the phantom scalar
field, which means that we can not get values of the four variables through solving three equations directly.
Here, we must resort to the χ2 analysis to best-fit the values of four unknown variables (r, M , a and b ) in
the phantom black hole spacetime (8) with the three observed frequencies. From the current observations of
GRO J1655-40, there are two set of data about these frequencies (νφ, νper, νnod )[36]:
(441+2−2, 298
+4
−4, 17.3
+0.1
−0.1) and (451
+5
−5, −, 18.3+0.1−0.1), (32)
Moreover, there also is an independent dynamical measurement of the mass of the black hole [53]: Mdyn = 5.4±
90.3M⊙. Therefore, there are five free parameters: mass M , rotation parameter a, the phantom scalar charge
b, the radius r1 and r2 correspond the observations with three frequencies and two frequencies, respectively.
With these data, the gravity of Kerr black hole was tested in the relativistic precession model [44]. For the
phantom black hole (8), we obtain the minimum χ2min = 0.3329 and constrain the black hole parameters
M = 5.274+0.054−0.053M⊙, a
∗ ≡ a/M = 0.258+0.005−0.003, b = 0.044+0.575−0.044, (33)
at the 68.3% confidence level. The best-fit values of the radius of circular orbital corresponding two sets of
FIG. 3: Constraints on the parameters of a regular and slowly rotation phantom black hole with the black hole
candidate in GRO J1655-40 from current observations of QPOs within the relativistic precession model. The red,
green and blue lines represent the contour levels 1σ, 2σ and 3σ, respectively. The red dot in the panels correspond the
best-fit values of parameters: M = 5.274, a∗ = a/M = 0.258 and b = 0.044.
quasi-periodic oscillations are r1 = 5.717M = 1.129 rISCO and r2 = 5.614M = 1.1086 rISCO, respectively. Here
rISCO is the innermost stable circular orbit in the regular and slowly rotating phantom black hole spacetime
with the best-fit values (M = 5.274, a∗ = a/M = 0.258 and b = 0.044). It means that the circular orbit
of quasi-periodic oscillations are located at the strong gravitational-field region of the black hole because the
black hole event horizon is at 1.9998M . Moreover, the contour levels of 1σ, 2σ and 3σ for the massM , rotation
parameter a and the phantom scalar charge b are shown in Fig.(3). From the left panel in Fig.(3), we find
that the contour lines with levels of 1σ, 2σ and 3σ are not closed curves since the parameter b is non-negative
for the regular phantom black holes (2) and (8). Our results show that although the best-fit value of the
phantom parameter b is small, the allowed region of b at the 68.3% confidence level is b < 0.619, which means
that the deviations from Kerr metric is possible and the phantom theoretical model can not be excluded by
the constraint from quasi-periodic oscillations with the observation data of GRO J1655-40.
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IV. SUMMARY
In this paper we extend firstly the regular phantom black hole solution to the slowly rotating case and find
that the presence of phantom field depresses the angular velocity of the event horizon and suppresses the
super-radiation of black hole. And then, we study the dependence of quasi-periodic oscillations frequencies
in relativistic precession model on the phantom parameter b. With the increase of the phantom charge b, the
azimuthal frequency νφ decreases and the periastron precession frequency νper increases. The nodal precession
frequency νnod also decreases with the parameter b for the non-zero a case, but it becomes zero in the case
a = 0. With the observation data of GRO J1655-40, we constrain the parameters of the regular and slowly
rotating phantom black hole. Our results show that although the best-fit value of the phantom parameter b
is small, the allowed region of b at the 68.3% confidence level is b < 0.619, which means that it is possible for
a black hole has a phantom scalar hair. In other words, the phantom theoretical model can not be excluded
by the constraint from quasi-periodic oscillations with the observation data of GRO J1655-40.
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